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ABSTRACT 

We  study  partial  integro-dif ferential  equations  of  the  type 

t 

(I)  3  u(*,t)  +  Au( • ,  t)  +  /  a(t  -  s)Bu(*,s)ds  =  f(*,t),  0  <  t  <  T  , 

0 


in  some  spatial  domain  fl  C  r”,  a  being  a  linear  and  B  a  quasilinear 

elliptic  operator  of  second  order,  both  in  divergence  form,  together  with 

initial  and  various  boundary  conditions.  We  give  conditions  on  the  structure 

of  A  and  B  that  lead  to  a  priori  estimates  and  show  how  to  get  the 

existence  of  weak  solutions  (u(«,t)  €  W  ,p(fl)  or  u(»,t)  e  w  '  (U)  for 

loc 

a.e.  t)  from  approximating  solutions  (that  solve  finite-dimensional  versions 


of  (I)  or  versions  with  modified  coefficients).  The  main  tools  are  "energy" 


estimates  on  I3tu(»,t)l  2  +  /  G^xu^'  if 
solutions,  and  estimatesLon  tRe  L2-product 


Bu  =>  -div  (V  G(  V  u)),  for  W1'?- 
x  u  x 

2  2 

(  Au,Bu )  j  f°r  W^^c-solutions. 


AMS  (MOS)  Subject  Classifications:  35K60,  45K05,  73F15 

Key  Words:  Partial  Integro-Dif ferential  Equations,  Energy  Estimates,  Weak 
Solutions,  Materials  with  Memory 

Work  Unit  Number  1  (Applied  Analysis) 


* 

Institut  fur  Angewandte  Mathematik,  Universitat  Heidelberg,  6900  Heidelberg, 

W.  Germany. 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-004 1 . 
Supported  by  Deutsche  Forschungsgemeinschaf t. 


SIGNIFICANCE  AND  EXPLANATION 


v  This  paper  studies  a  class  of  integro-dif ferential  equations  that  arises 
in  some  models  for  heat  conduction  in  materials  with  memory  or  for  the 
deformation  of  visco-elastic  membranes.  Some  classes  of  constitutive 
assumptions  are  given  that  ensure  the  existence  of  weak  solutions  for  these 
models;  i.e.,  stress  or  heat  flux  are  integrable  fields  over  the  reference 
configuration.  The  models  are  hybrids  between  damped  nonlinear  wave  equations 
and  perturbed  heat  equations,  and  mathematical  techniques  for  these  different 

y 

problems  are  combined  to  establish  existence  results,  y — - 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 
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1.  Introduction 

In  this  papsr  we  want  to  considar  tha  integru-dif ferential  aquation 

t 

(I)  3fcu(x,t)  -  d^ufx.t)  -  /  aft  -  sldiv^gf V^ut  x,s) )ds  »  f»x,t) 

in  8  x  (0,T) 

togathar  with  an  initial  condition 

( t ..0 )  u(*,0)  -  u®  in  0 

and  boundary  conditions 

(1.1)  u  5  u1  on  (3fl\D  x  (0, T)  , 

t 

(1.2)  -V  •  (V  u( x, t)  +  /  aft  -  s)g( Vufx.a) )ds)  -  Bfufx.t)) 

0 

on  T  x  (0,T). 

Kara  0  C  R*1  is  bounded  with  Lipschits  boundary  30,  r  C  30,  v  is  the  outward  normal. 

Tha  function  g  :  Rn  ♦  R0  is  a  gradient,  subject  to  certain  growth  conditions}  a  is  a 
scalar  kernel  with  some  regularity  properties  and  a(0)  »  1}  0  is  a  monotone  function. 

The  functions  u°,u*  are  traces  of  soma  function  uQ  i  Q  x  [0,T]  *  R,  f  and  uQ  are  in 
certain  regularity  classes.  The  precise  assumptions  are  statad  in  the  sections  below. 

In  Section  2  we  prove  the  existence  of  distributional  solutions,  using  a  version  of  a 
technique  that  has  been  used  by  J.  Clements  ( [4] )  for  the  case  asl  and  constant 
Dirichlet  boundary  conditions.  In  Section  3  we  consider  specifically  the  "isotropic”  case 
g(C)  ”  g0(|£|)  *  ?  and  prove  soma  results  on  inner  regularity,  showing  that  all  terms 

*Institut  fur  Angewandte  Hatheaatik,  Untversitat  Heidelberg,  6900  Heidelberg, 

W.  Germany. 
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Supported  by  Deutsche  Forschungsgemeinschaf t. 


appearing  in  (I)  are  in  L,1  (ft  *  [0,T]).  For  the  case  of  constant  Dlrlchlet  data  and  a 
trt  loc 

domain  SI  with  C2-boundary,  it  is  shown  in  Section  4  that  the  regularity  estimates  hold  up 
to  the  boundary.  Sections  3  and  4  U3e  a  device  by  V.  Barbu  ([2])  and  M.  Crandall/S.-O. 
Londen/J.  Nohel  ([6]).  No  claims  concerning  the  uniqueness  of  the  solution  are  made  in  the 
general  case;  for  this  question  and  some  other  remarks  see  Section  4. 

Equation  (I)  has  a  physical  interpretation  from  the  theory  of  heat  conduction  in 
materials  with  memory.  Consider  a  homogeneous  rigid  heat-conducting  material  occupying 
some  region  OCR3.  Let  q  denote  the  heat  flux,  u  the  absolute  temperature  and  e 
the  internal  energy.  In  various  general  models  for  heat  conduction  (cf.  [5],  [17],  [19]) 
it  has  been  proposed  that  q  and  e  should  depend  both  on  the  present  value  and  the 
history  of  the  temperature  and  its  gradient.  The  constitutive  assumptions 

tm 

(1.3)  q(x,t)  -  -a  V  u(x,t)  -  /  a(s)g(V  u(x,t  -  s))d3  , 

u  x  „  x 

(1.4)  e(x,t)  -  eg<x)  +  K  •  u(x,t) 

(x  >  0  and  aQ  >  0  denoting  heat  capacity  resp.  conductivity,  a  a  suitable  relaxation 
kernel)  together  with  the  law  of  energy  balance 

(1.5)  9  e(x,t)  +  div  q(x,t)  -  r(x,t) 

t  * 

(r  denoting  heat  sources  or  sinks)  then  give  (I)  after  rescaling  time  and  prescribing  the 
temperature  history  u  up  to  t  “  0.  The  boundary  condition  (1.1)  corresponds  to  a  fixed 
temperature  outside  of  (1  and  pe  ect  heat  conduction  through  the  boundary;  (1.2) 
corresponds,  e.g.,  to  a  radiation  law  or  to  local  temperature  control  at  the  boundary  (cf. 
[9]).  This  physical  model  leads  us  to  regard  (I)  an  a  perturbed  heat  equation. 

Another  physical  interpretation  of  (I)  comes  from  the  theory  of  viscoelastic 
materials:  The  one-dimensional  version  of  (I)  with  a  5  1  describes  longitudinal  motions 

of  a  homogeneous  bar  composed  of  a  Kelvin  solid  (cf.  [21],  [10]),  assuming  the  following 
relation  between  strain  E  and  Picla-Kirchhof f  stress  Zt 

(1.6)  E  ”  G ( F )  +  LIE)  , 

L  a  linear  tensor-valued  function,  E  denoting  the  time  derivative  of  E.  The  two- 
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dimensional  equation  (I)  then  arises  in  a  model  for  the  normal  displacement  u  of  a 
membrane  composed  of  such  a  material*  The  boundary  condition  (1*1)  corresponds  to  a  fixed 
portion  of  the  edge  of  the  membrane,  (1*2)  can  be  interpreted  as  a  friction-type  boundary 
condition,  the  friction  coefficient  depending  on  the  displacement*  It  should  be  noted, 
however,  that  one  would  have  to  taka  K  to  be  the  linear  infinitesimal  strain  in  order  to 
arrive  at  (I),  which  somewhat  disagrees  with  taking  G  as  a  general  non-linear  function  in 
(1.6).  Nevertheless  this  leads  us  to  view  (I)  as  a  damped  non-' inear  wave  equation. 

It  should  be  noted  that  the  fundamental  differences  between  these  two  physical 
interpretations  essentially  appear  in  tha  asymptotic  properties  of  the  kernel  a  and  the 
forcing  term  fi  cf.  [18]  for  a  discussion  of  these  probleaw. 

Various  authors  have  discussed  the  one-dimensional  vara.1  on  of  the  visco-elastic  model 
problem  leading  to  (I)  (hence  a  3  1)  and  shown  existence,  uniqueness,  and  asymptotic 
properties  of  classical  solutions  ([1],  [7],  [12],  [23]),  Weak  solutions  of  the  more 
general  equation  (I)  (a  arbitrary,  n  *  1)  have  been  discussed  in  [20]  and  as 
applications  of  abstract  theorems  in  [2]  and  [6].  The  n-dimensional  case  for  a  3  1  and 
homogeneous  Dirichlet  boundary  data  has  bean  treated  in  [4]  where  distributional  solutions 
are  shown  to  exist. 

A  few  words  on  the  notation  that  we  are  going  to  employ! 

Por  x  e  R*,  | x |  denote  the  norm;  1*1  is  reserved  to  Banach  space  norms. 

For  f  i  r"  ♦  R*,  Vf  -  V^f  is  the  matrix  of  (weak)  derivatives  wherever  it  exists 
(gradient  for  t  -  1);  divxf  •  div  f  is  the  divergence  operator  applied  to  f,  if 
n  «  i.  Por  Q  C  r",  Mlt'p(0,x)  is  the  usual  Sobolev  space  (for  I  •  R  or  X  •  It*  or 
X  a  Banach  space);  .1  ( £3 )  is  the  space  of  C^-f unctions  f  t  Q  ♦  R  such  that  supp(f) 

(the  closure  taken  in  Q)  is  compact,  also  if  0  is  not  open;  w£'p(Q)  is  the  closure  of 
C^((l)  with  recpect  to  the  W*'p-norm.  Dependence  on  the  variables  x  €  r”  or  t  €  R  is 
suppressed  where  no  confusion  will  arise. 

By  a  *  b(t),  a  «  L1(0,T;R),  b  €  i/lO.T/X),  X  a  Banach  space,  we  denote  convolution 


with  respect  to  t> 


( 

1 


a  •  b(t) 


t 

4 

0 


a(t  -  s)b(s)ds  . 


Tha  symbol  C,  whan  appearing  in  proofs,  denotes  a  constant  whose  value  can  change  from 
line  to  line  but  which  depends  only  on  given  properties. 


4 


\ 
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(2.3) 


/  /  |3  7  u(*,s)|2ds  +  sup  /  ( | 3  u(»,t>|2  *  0(7  u(*,t)))  <  K  <  m  , 

0  fl  6  x  [0,T]  0  C 

K  depending  only  on  the  data  of  the  problea. 

Proof.  Na  shall  uaa  a  Galarkln  procedure  and 
1.  find  approximating  solutions, 

3.  deduce  a  priori  estimates  for  thea, 

3.  show  that  soae  of  their  weak  clusterpoints  solve  (I). 

Step  It  Let  (V  )  be  a  sequence  of  finite-diaensional  subspaces  of  H|7'2(Q),  l)v  be 
dense  in  W^'2(Q),  C  c1  (5) .  We  seek  solutions  u^  i  (0,1]  *  Vm  of  the  systems  of 
ordinary  integro- differential  equations  | 

(2.4)  /  3  u“(*,t)  •  v  ♦  /  (7  u®(*,t)  a  *  g(7 u*  ♦  7  •„  )(*,t))  !•  7  v 

q  1  0*  xxv  x 

,  ,  I 

-  /  (f(*,t)  •)ttl*,t)l  •  v  -  /  7  u  (*,t)  •  7  v 
a  *  u  Q  ; 

for  all  v  «  VB  and  0  <  t  <  T»  u*(*,0)  «  0.  fly  standard  theorems  on  functional 

differential  equations  (see  [13]),  (2.4)  has  a  unique  local  solution  u™  i  [0,Ta]  ♦  VB  for 

Ml  7  1  f 

all  mi  u  is  of  class  C  *  with  rsspset  to  t. 

j 

Step  2i  Let  u«  u  ♦  uQ.  We  show  that  there  exists  a  ernstant  C  ,  depending  only  on 

u0,  f,  and  the  properties  of  a  and  g,  such  that  for  all  a  ! 

•  i 

I 

I  ' 

T 

(2.5)  sup  /  (G(7  u*)(»,t)  |3  u*(»,t)|2)  +  J  J  |73  u"(«,t)|2dt  <  C*  , 

[O.TJ  Q  0  0 

which  shows  also  that  solutions  of  (2.4)  exist  on  [0,T]. 

To  show  (2.S),  we  shall  transform  (2.4)  such  that  a  3  1,  differentiate  test  with 
3tu ™,  Integrate  over  [0,t],  and  show  that  the  ’good"  tens  (that  appear  in  (2.5)) 
dominate  all  the  rest.  Let  r  be  the  resolvent  kernel  of  ai  i.e.  r  >  [0,T]  ♦  It  is 
defined  by 

r(t)  ♦  /  r(t  -  s)a(s)ds  ♦  a(t)  "0,  0  <  t  <  T  . 

0 


■6- 


•  « 

Than  r  is  as  regular  as  a,  and  for  y,s  €  L(0,T;R) 

(2.6)  a  *  y  "  *  on  [0,T]  iff  1  *  y  ■  ■  ♦  r  *  s  on  [0,T]  > 

Ha  apply  (2.6)  to  (2.4),  with 

y(t)  i-  /  g(V  u"(*,t>)  •  f  »  , 
fl  x 


dlffarentiata  the  resulting  identity,  and  note  that  it  la  possible  to  taka  t-dependent  test 
functions  v  «  L2(0,T»VB).  We  than  choose  v( T)  ■  JTu*(»,T),  and  integrate  froa  0  to 
t.  The  result  can  be  written  in  the  fora 

(2.7)  I,(t)  ♦  I2(t)  ♦  I3(t)  -  I4(t)  , 

with  the  following  notationi 


I.(t)  "  4  /  | 3  u*(* ,t) | 2  +  r (0)  •  /  /  |3  u“(«,a>|2da  ♦  /  /  3 u"(*,a)*(r  *  3 u")(*,a)ds 
fl  Ofl  Ofl 


>4  /  1 3  u*(* ,t)  |  2  -  c  •  /  /  |3  u  (*,s)|  as  , 

*  fl  00  ' 

I2(t)  -  /  /  |V3  u*(*  »•)  1 2da  ♦  -^21  .  J  |V  U*(«,t)|2  ♦  /  J  U7(*,i|*(r  •  V  u")(»,a)ds 
Ofl  "  *  C  x  Ofl*" 

>4  /  /  |V  3  u"(*,s)|  2da  +  /  |7  u*(»,t>|2  -  C  •  /  /  |V  u"(*,o)|2da  , 

■art  A  ■  *  «  *  a  A  *» 


I,(t)  -  /  /  7  3  u"(*,s)*g(7  u"(*,s))ds  -  /  G(7  u"(*,t>)  -  -r  •  (/  | 7  u™{ »,t) | 2  +  1) 

oo  x  *  x  ax  2  a  x 


t  as 

I4(t)  -  /  /  (1  f(',i)  ♦  r  *  3  f(*,a)  -  JVlMl  -  r  *  3‘u  ( »,s) ) *3  u"( .,s)ds 

ft  n  ■  ■  ® 


/  /  (7K8.un(''")  +  r  *  Vx*«un<***>>  *  ’ u"(*.a)da 

OQ  x  m 


*  I  I  ^_8_un(* »•)  •  g(V  u"(.,s))ds 
Ofl"  x 


<  I  C(s)«  (/  1 3  u"(*  ,s)  |  2)  2ds  *  j  f  /  |7  3  u*l,,i)|  2ds  ♦  C  •/  /  G(  V  um(»,s)  )ds  +  C  , 
0  fl"  "oflX*  0flx 


-7- 


with  C  €  l'(0,T;R)j  using  ths  properties  of  g,  Ug,  and  f  in  th«  last  estimate. 
Inserting  all  these  estimates  into  (2.7)  and  using  Gronwall's  lemma  we  get  (2.5). 

Step  3 i  We  extract  a  subsequence  of  the  (u*)^^ ,  again  labeled  in  the  same  way,  such 


that 

<i) 

u“  ♦  u 

strongly  in  L2(0,TiL2(n) )  i 

(ii) 

V  u"  ♦ 

X 

7^u  wsakly  in  L2(0,TiL2(n) )  i 

(iii) 

9fcu"  ♦ 

9fcu  weakly  in  L2(0,T!w'' 2(0) )  i 

(iv) 

,(Vxu"> 

♦  C  weakly  in  l^O.TiL1  (n,*n) )  , 

with  a  suitable  function  C.  All  these  limits  exist  due  to  suitable  imbedding  theorems! 

fll 

the  choice  (iv)  is  possible  since  the  g(7u  )  are  equi-integrable  and  hence  weakly 
sequentially  precompact  in  I.*{[0,T]  *  Q,*n)  (cf.  [9]  and  Lemmas  5.3,  5.4). 

Next  we  want  to  use  that  actually 
(v)  9fcu"  ♦  9fcu  strongly  in  L3(0,T;L2(Q))  . 

Suppose  this  is  true!  what  is  needed  to  complete  the  proof  of  the  theorem  now  is 

(2.8)  5  -  9<Vxu)  a. a.  on  Q  *  (0,T)  . 

To  show  this,  we  use  a  version  of  a  monotonlcity  argument  which  has  first  been  employed  by 
Clements  ([4]).  Transform  (2.4)  again  by  means  of  (2.6),  differentiate  the  resulting 
identity  once,  and  take  a  test  function  S^v,  v  «  W,,2(  (0,T) ,VB).  Integrating  the 
resulting  Identity  from  0  to  s  with. respect  to  t  and  from  0  to  T  with  respect 
to  s  then  gives 

T  T 

(2.9)  -  /  (T  -  t)  /  (J  u*)  v)dt  *11  9».u*  •  v  dt  -  T  /  9  u*(»,0)  •  v(»,0) 

0  n  *  *  00*  Q  * 

T  T 

(Im,1(v)(t)  1m,2<v)(t)  ♦  m  /  I4<v)(t)dt  , 

0  o 


using  the  abbreviations 


I  ,(v)(t)  -  (T  -  t)  /  (r  *  )  u’l(',t)  •  v(*,t)dt  , 

'  a 

t  mm 

I_  ,<v)(t>  -  /  /  7  3  u“(*,s)V  v(*,u)ds  +  (T  -  t)  /  {(r<0)  -  L)7  u  (*,t)  -  rlt)Vu  (*,0) 

-rn.2  oaxtx  0  x 

♦  r  *  7xu“(*,t)}7xv(*  t>  ,  ■ 


I^jtvXt)  -  (T  -  t)  J  {g(7xu"(*,t))  +  *  •  7xuV.t>}  .  7x%(*,t)  . 
I.(v)(t)  -  (I  -  t)  /  {3  f(* ,t)  ♦  r  *  3.f(»,t)}  •  v(*,t)  . 


As  a  ♦  *•,  we  can  replace  1^  fc(v)(*,t)  by  I^lvM^t)  (1  <  k  <  3)  and  3tu“  by 
J^u,  73 tu"  by  73tu#  g(7u*)  by  £ >  in  obvious  notation,  using  (i)-(iv).  The  resulting 
identity  che-.  holds  for  any  v  €  W1,2<  [0,T]  ,w’'“(a>)  (by  density),  lore  precisely,  we 
only  ased  v  to  be  in  W1' 2<  [0,Tl  ,L2(Q)  ),I,2(0,Tiw’'  2(8)  )  and  additionally 

sup  /  G(7  v(»,t))  <  •  , 

lo, t]  a  x 

as  is  shown  in  I«e— a  5.S.  We  now  insert  v(*,t)  *•  e  •  (u(*,t)  -  u(j(*,t)),  a  >  0  to  be 

chosen  later.  Writing  u  (•  ,t)  «  a  0tu( *,t) ,u.  ( »,t)  -  e”Btu11(»,t),  we  find  the  identity 

a  Of  a  o 


(2.10)  -  /  (T-t)e”at  /  |3  u(*,t)|2dt  +  /  (a(T-t)+1)e  **  •  /  3  u(»,t)*u(*,t)dt 

0  Q  0  a  6 

T 

♦  /  e"04*!^  +  (T-t)(r<0)  -  L  +  ^)}  /  |7  u(»,t)|2  ♦  /  t‘7  u(»,t)*7  u(*,t)]dt 

o  *  *  a  x  a 

T  T 

V  /  (21(uaXt)  +  l3(uaxt))dt  -  /  (l4(uaXt)  ♦  l,(u0>aHt)  ♦  Vu0,a,(t) 

T 

+  x,(u  X t) )dt  +  /  /  3  u(*,t)»{3  u  (»,t)e”°t(t-T)  ♦  (a(T-t)  +  1)e_0,tuA(  *,t)  }dt 
3  u,a  no  t  t  o  0 


♦  ?  •  /  | v  «Q < • , 0 ) j  2  +  /  (T-t)r(t)e”at  /  7  u. ( • , 0 ) 7  u(*,t)dt  . 

o  o  a  x 
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Next,  we  insert  v(*,t)  “  e”06  •  (uB(*,t)  -  ufl(*,t))  in  (2.9).  After  rearranging  we 
get 

T  T 

(2.11)  -/  (T-tJe-*1  J  |a.uV,t)|a  /  (a(T-t)  +  1)e_at  /  8uB( •,t)u“( *,t)dt  ♦ 

o  a  c  o  a  c 

T 

♦  /  e  at({4  ♦  (T-tXr(O)-L  +  ■-) }  /  |V  u"(*,t)|  2  +  /  r*V  u*(>,t)7u"(«,t)]it 

o  ^  a  a 

T 

*  I  I  <9^  «")  +  L  •  V  uB)  •  7  uB  •  e”0tt(T  -  t)dt  »  C(m)  , 

o  a  x  x  x 

C(n)  contains  only  teras  which  have  corresponding  expressions  in  (2.10)  as  limits.  He 
take  a  big  enough  such  that  the  fora 

T 

(2.12)  *»/  •"**[{-;  ♦  (T-t)(r(0)-L  ♦  f)}*v2(t>  +  r«v(t) *v(t)] dt  for  v  e  L2(0,T»*) 

0  .  *  * 

is  positive  definite.  How  take  the  lie  inf  in  (2. 11)  as  a  ♦  *.  The  first  two  integrals 
on  the  left  hand  side  converge  due  to  (v)i  the  third  integral  is  the  positive  definite  form 
that  appears  in  (2.12)  and  is  hence  lower  semi-continuous  with  respect  to  weak 
convergence.  Coegjarlng  the  result  with  (2.10)  we  see  that 

T 

lie  inf  /  e“at(T  -  t)  /  (g(7  u"(«,t))  +  L  •  V  u*(>,t))  •  7  u*(*,t)dt  < 

tt*m  0  8  X  XX 

T 

<  /  s^Nt  -  t)  /  (CC,t)  +  L  •  7  u(»,t>>  •  7  u(»,t)dt  . 

0  a  xx 

Then  a  standard  argument  using  the  aonotonicity  of  p  •*  g(p)  +  L  •  p  implies  that 

g(7xu)  -  C  a.e.  on  a  x  (0,T]  (cf.  [15]). 

It  remains  to  be  shown  that  (v)  holds.  Let  w  -  )u"  e  W1'"([0,T],V  ).  We  use  a 

t  n 

version  of  a  compactness  argument  in  [15]  to  show  that  (**B)raeH  ia  *  Cauchy-sequence  in 
L2(0,T»L2(a>),  fron  which  (v)  follows. 
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1  0*  1  • 

First,  let  Xu  ”  Vffl,  equipped  with  the  W  '  -norm,  X  be  the  W  '  -closure  of 

U  xm'  and  x  ,xm  be  the  corresponding  dual  spaces.  We  claim: 

m=1  1  2 

For  any  e  >  0  there  exist  C(e)  >  0  and  K  e  N  such  that  for  all  z  €  W  '  (fl) 

(2.13)  Izl  <  e  •  Izl  +  C(  G )  •  Izl  .  . 

L  (fl)  W1,2(fi)  XK 

For  else  we  could  find  an  e  >  0  and  a  sequence  (:  I  in  W1,2(fl),  Iz  I  «  1,  such 

K  K*  i  K  ^lf 2 

that 

(2.14)  Iz  l  >  G  ♦  K  •  Iz  I  . 

I.  (fl)  xK 

12  2  5 

Using  the  compactness  of  the  imbedding  W  '  (fl)  ♦  L  (fl)  we  extract  a  subsequence  with  Lz- 

limit  z,lzl  >  e.  Or.  the  other  hand,  by  (2.14)  Iz  I  #  +  0. 

l  <n)  .  XK 
By  density,  this  implies  thit  zK  *  0  weak-*  in  X  ,  which  is  a  contradiction  to 

-  2 

♦  ?  *  0  in  L  (fl)  for  a  suitable  subsequence.  From  (2.13)  we  conclude  that  for 

all  c  >  0  there  exist  C,K  such  that  for  all  w  e  L2( O.TjW1 ' 2(fl) ) 

( 2.  U:)  Iwl  <  6  •  Iwl  ,  +  C  •  Iwl  #  . 

L  (0,T|L  (fl))  l/(0,T>W  ,2(fl))  L  (0,T|Xk) 

We  apply  (2.15)  to  lwralm>1  and  3ea  that  it  suffices  to  show  that  this  is  a  Cauchy- 

2  *  2  2 
sequence  in  any  L‘( 0,T;XK) .  In  fact,  since  wm  - y  3fcu  weakly  in  L  (0,T|L  (fl))  by 

(iv),  it  will  be  enough  to  show  that  (w  )  is  precorapact  in  any  L2(0,T»X^)>  the  claim 

in  m*  i  » 

then  follows  from  standard  diagonal  sequence  arguments.  Now  the  differentiated  version  of 
(2.4)  shows  that  for  fixed  K 

<,3twml  »IK  4  m} 

XK 

is  an  equi-integrable  set  in  L^O.TjR).  Hence  for  fixed  K  the  wn  are  equi-continuous 
in  XK  and  by  ( 2. 14 ) 

<wm(°),v)  #  -  /  (-VxuQ  *  V  +  f  •  v)  , 

XK'XK  ” 


-11- 


which  shows  that  (w  (0))  . .  is  uniformly  bounded  in  X*.  Arzela's  theorem  then  implies 

D  V  I  ^ 

that  (w  )  . ,  is  precompact  even  in  C( [0,T] ,X~)  for  any  K. 

B  W  I  N 

This  argument  completes  the  proof  of  (v)  and  thus  of  the  theorem. 

Remarks 

2. 2.  As  in,  e.g. ,  [6],  it  is  possible  to  weaken  the  assumptions  on  a  to 

a  «  t»1,"((0,Tj,»),  a  e  BV(  [0,Tj  ,R) ,  a(0)  -  1  , 
and  the  proof  of  Theorem  2.1  even  allows  to  include  x-dependent  a,  e.g. 

a  «  W2*1(I0,T1,l"(0)),  a(»,3)  3  1  . 

2.3.  The  condition  (A2)  basically  requires  g  to  be  of  "polynomial"  character  such  that 

(2.1)  holds.  However,  g  can  be  "anisotropic*  in  the  sense  that  it  can  possess  different 
growth  properties  along  different  directions  in  Also,  g  can  be  "degenerate"}  e.g., 

g(C)  -  (1  +  |C|2)’a  •  C,  «  >  0 

is  allowed,  and  g  can  be  "non-monotone "  (only  C  **  g(C)  *  I*  *  C  has  to  be  monotone);  cf. 
[1]  for  an  even  weaker  assumption  in  the  case  of  one  space  dimension.  Finally,  the  proof 
allows  also  to  include  x-dependent  g*s  or  an  elliptic  differential  operator  in  divergence 
form  instead  of  the  taplacian. 
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3.  Differentiable  Solutions 


In  thia  aaction  va  want  to  give  a  somewhat  different  axiatance  argument  for  solutipna 
of  (I).  It  ia  partly  baaed  on  a  method  that  was  used  in  [2]  and  [6]  to  treat  a  Hilbert- 
spaca  varaion  of  (I)  and  will  enable  us  to  include  the  nonlinear  boundary  condition  (1.2) 
and  to  show  that  ull  terms  in  (I)  actually  exist  as  locally  integrable  functions.  On  the 
other  hand/  we  shall  only  treat  the  "isotropic*  case  g(p)  -  9g(lp|)  *  p»  Some  variants  of 
the  assumptions  made  above  will  be  usedi 

(B1)  The  region  OCR11  is  open  and  bounded.  8Q  is  a  Lipschitz  manifold,  r  C  80  is  a 
submanifold  of  dimension  n  -  1,  0  is  locally  on  one  side  of  T. 

(B2)  The  function  g  »  R11  ♦  H™  ia  given  by  g(p)  «  gQ(|p|)  •  p,  gQ  i[0,»)  ♦  R  being 
locally  Lipschitz-continuous  on  (0,«).  There  exist  constants  L1  >  0,  C  >  0, 

6  >  0.  such  that  for  all  r  >  0 

(3.1)  9g(r)  ♦  L,  >  0 

(3. 2)  «  •  (g0(r)  ♦  L,)  <  ^  ((g0(r)  ♦  L,)  •  r)  <  C  •  (g0(r>  ♦  L,)  . 

r 

Similar  to  Section  2,  we  define  G„(r)  -  /  gQ(s)  •  sds  for  r  >  0,  G(p)  -  G0(|p|), 
and  G(p)  -  G(p)  +  ^  t(  •  |p|  . 

(S3)  The  function  0  i  R  ♦  R  is  locally  Lipschitz-continuous,  and  there  exists  a 
constant  Lj  >  0  and  for  any  C  >  0  a  C(c)  >  0  such  that  for  all  r  «  R 

(3.3)  -La  <  0'(r)  <  c  •  (0(r)  ♦  Lj  •  r)  +  C(e)  . 

Without  loss  of  generality,  ■  Lj  »  L  >  0.  Define 

r 

8(r)  -  /  ✓S’  ( m)  +  L'  ds  . 

0 

(B4)  The  function  uQ  satisfies 

/  S^u _  ( •  ,0 ) )  <  «•,  sup  |  3  |  <  •  . 

r  rx[o,T]  *  0 

The  main  result  of  this  section  ia 
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Theorem  3.1i  Suppose  that  ( B 1 )-(B4) .  (A3)-(A5)  hold.  Then  the  equation  (1)  together  with 
Initial  and  boundary  conditions  (1.0)-(1.2)  has  a  distributional  solution  u i  i.e.  u 
satisfies 

T  t 

/  /  {V  u  ♦  a  *  g(V  u))  •  V  ♦  -  u  •  J  ♦  -  f  •  ♦Jdxdt  ♦  /  /  w  •  +dxdt 
09  *  xx  t  or 

-  /  u  (*,0)  •  ♦( • ,0 )dx 

fl 

for  all  test  functions  4  «  cjdfl  U  D  *  (0,T)tR);  w  C  L^(T  x  (o,T],«),  such  that 
w  -  0(u)  a.e.  on  T  *  (0,T]>(u  -  ufl)(»,t)  is  for  a.e.  t  in  the  W*'2-closure  of 

c’((fl  U  ri(«. 

Also, 

T 

(3.4)  /  {(  |3  V  u|2  >  /  |3  8(u)|2}dt  ♦  sup  /  <|3  u(»,t)|2  ♦  G(V  u))  <  •  , 

0  0  x  r  10, T)  fi  C  * 

and 


(3.5) 


T 

/  /  C2  •  |v  (/,  (|V  u|)  ♦  X<  •  V  u) |  2dxdt  ♦  sup  /  c2  •  |  V2u| 2  <  -  , 
0  Q  *  (0,T)  a 


if  (  i  9  +  I  is  Lipschits-continuous,  Cljg  2  V,  1 9^(1  B  <  1  (e.g.,  if 

L 

C(x)  -  diit(x,3Q) ). 

Proof.  We  shall 

(i)  find  solutions  of  approximating  equations, 

(ii)  derive  the  estimates  (3.4)  and  (3.5)  and 
(ill)  pass  to  the  limit. 

For  M  >  0  we  define 

gg(r)  -  ir.f(g0(r),M),  g*(p)  -  9q(IpI>  •  P  » 

BM(r)  -  inf (N,sup(B(r),-N) )  . 

Clearly,  and  flM  fulfill  (B_2)  and  (JH)  with  the  saaw  constants. 
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I 


II  ||  n 

Step  li  Me  solve  (I)  with  g  replaced  by  g",  0  replaced  by  0  ,  end  get  solution  u 
by  nesns  of  a  Galerkin-type  argument  similar  to  the  one  used  in  the  pievious  section  (cf • 
[11]  for  an  abstract  existence  theory  for  similar  problems)*  The  uN  are  unique,  since 
g*  and  0M  are  globally  Lipschits-continuoua.  Define 


Me  show  that  (3*4)  still  holds  with  G,8,u  replaced  by  GM(BM,uN>  the  bound  not 

f 

depending  on  M.  To  this  end  we  take  backward  difference  quotients  in  (I),  use  the 
backward  difference  quotient  d^tu*  -  Uq)  as  a  test  function  (which  is  admissible), 
integrate  over  [h,t],  and  let  h  tend  to  sero.  The  result  is  the  following  identity! 


/  /  » V  u"  •  «  V  .u*  -  u0)dxdt  ♦  /*/  lg|)/l  ♦  a  *  g(V u">)  •  )1(n"  -  u_)dxdt 
0  g  1  *  ■  *  oo  i  *  *  *  w 

(3.6)  +  /  3  uM(*,t)  •  3  (U*  -  u  ) ( * , t ) dx  +  f\  /  3  fiP(uM)  •  3  (uH  -  Ugjdxdt  - 

a  or*  ■ 

j 

t  j 

“//3f*3(u  -  uQ)dxdt  . 

0  Q  “  * 

N  M 

The  manipulations  that  lead  to  the  estimates  of  and  3fcu  are  the  same  as  in  the 

corresponding  part  of  the  proof  of  Theorem  2.  1.  Only  the  two  integrals  that  contain  the 
N  M  M  H 

nonlinear  terms  g  (V^u  )  and  0  (u  )  need  some  additional  arguaentsi 


I  I  *  ¥  uV.«>  •  (9V  uM)  ♦  i  *  gM<7  uM))(*,s)da 
0  0  "  *  *  x 


-  /  CM(?KttMC,t))  -  /  GM(VxuM(*,0))  ♦  /  VuM<*,t>  •  2  *  gM<VuM 


"  /  /  ^  •  g*(^  uM(*,a) )d»  -  /  /  7  uM(*,a)  •  I  * 


0  fl 


0  Q 


whara  wa  hava  parformad  an  integration  by  parta. 

Ha  uaa  Uaaa  5.6  to  aatiaata  thia  Item  balow  by 


4/  (^(VuN-.t))  -  4  /  -  C  •  </*7  (GM(V  u‘ 

*  A  *  •  —  X 


o  a 


♦  L|V  uV,a)|2)da  ♦  1)  . 


Also, 


1/  /  V.V',)  *  *.<•  *  »M) (*.s))da |  < 

0  0  *  *  0  *  * 


*  C  •  /  /  (C(Viu(*,a))  ♦  |  Tltt.  C  •  #  a )  | 2  ♦  gM(7  u"(*,a))  ♦ 

0  fl  *  *  V  x»u  x 


by  tha  saaa  la 


Ooncarnlng  tha  otbar  nonllnaar  tara,  «a  hava  e  L2(T  x  [o,TJ ) 


/  /  *  •  9  (uM  -  u  )(*,a)ds 

or*  •  0 


-  /  /  I*  BM<u,V,a))|2da  -  L  •  /  /  |J  uV.a>|2  -  /  J  8M(uM)»J  uH( 
or"  or*  or  8 


Ha  uaa 


5.1  and  5. 2  to  aatlaata  thia  froai  balow  by 


>C,t) 

gM( VxuM( »,a) )da  , 

V,8>> 

L*|VxuM(.,a)|2)ds 

by  Lemma  5. 1  and 

*,a) *3  u. ( «,s)ds  . 
S  0 
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4  /*/  U  8M(uV.a))|2ds  -  t  •  n  |V  i  uM(«.«)|2d.  -  C(t)  •  /  /  |J  uV.a)|2ds 

2  o  r  *  o  q  x  '  on 

-  C  •  (/  /  |8H(uM(*,a) ) I 2da  ♦  1)  . 

o  r 

Collecting  all  term  we  than  gat  (3.4)  after  an  application  of  Gronwall's  Lemma. 

Step  2t  Wa  want  to  uaa  (  •  Au  aa  a  taat  function,  £  e  w  '  (Q),  and  hanca  have  to 

ahow  that  £  •  V2uM  ia  in  L2(Q  *  [0,T] )  for  auch  £.  To  thia  and  wa  raplaca  tha 

karnal  a  by  a*(* )  -  1 ,._,(•)*  a<« )  and  conaidar  tha  alliptic  problaaa 

(3.7)  -AuM,‘(»,t)  -  divla*  •  gM(VjuM,C)){*,t)  -  f(»,t)  -  »tu"(»,t) 

for  0  <  t  <  T  with  corraaponding  boundary  conditiona.  Tha  problem*  (3.7)  can  be  solved 
atap  by  atap,  ita  aolutiona  u  '  aaeiafy 

(3.8)  auo  /  £2  •  |V2ul'*|2(*,t)  <  KIM)  for  all  c  and  N  , 

lo, tj  a  * 

K(M)  indapandant  of  *,  if  wa  uaa  tha  estimate  (3.4)  for  tha  global  Lipachits 

condition  for  g*  and  0N,  and  atandard  raaulta  for  llnaar  alliptic  aquationa  ([14]). 
Passing  to  tha  limit  as  c  4  0  wa  racowar  tha  uN  for  which  thus  (3.8)  atill  holds. 

Hanca  (I)  holds  a.a.  in  Q  »  (0,T],  and  all  the  summands  appearing  in  (I)  ara  in 

L2(Q1  x  [0,T] )  for  'my  compact  subdomain  OC  0.  Lot  again  r  danoto  tha  resolvent 
karnal  of  ai 

t 

r(t)  s  /  a(t  -  a)r(a)da  +  a(t)  “  0  on  (0,T)  • 

0 

Taking  tha  convolution  of  (I)  with  r  and  adding  it  to  (I)  then  gives 

(3.9)  »tuV,t)  ♦  r  *  (3tuM)(«,t)  -  AuV,t>  -  r  •  Au’V.t)  - 

-  t  •  div  gM<7uH)(*.t)  -  f(*,t)  ♦  r  *  fC.t)  . 

1st  again  d^  denote  tha  backward  differerce  quotient,  and  let  £  €  w1'"(fl), 

aupp  £  -  0  CC  0,  |V£I  .  <  1. 

’  * 
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We  apply  d^  to  (3.9)  in  h  <  a  <  T,  Multiply  with  52  •  (-A^u^t •,•)),  and 
integrate  ovar  Q  *  (h,tj,  t  <  T.  As  h  ♦  0,  all  limits  exist  a. a.,  and  vs  gat  tha 
idantity  (for  a. a.  t) 


(3.10)  -  /  »  uV,t)-A  *V,t)*C2  -  /  /  {|9  »uM|2*C2  ♦  *(».(•»»/)•».«"} 

q  *  *  o  fl  x  rx  z  z 


*11  r(0)*.uM»(-A  uM)*C2  *fl  li*)./)*(V»,{J  ♦ 

00  c  *  OH  ‘  x 


♦  4  /  C2*  |A  uM(*,t)|  2  *fl  (r(O)A  U*  ♦  r*A  uM)*A  UM*C2 
'll  00 


♦  /  /  A/-di»  (9"(V  iiM))*(2  ♦  /  (f ( *«0)  ♦  4  A.ttn<*'0>>*A.un<**0>*52 

fl  Q  *  *  *  Q  *  *  W  XU 


t  .Mi 

-  /  /  {3.f  ♦  r(0)f  +  r*f)*(-A  u")»t  . 

0  0  *  * 


N  N 

Rearranging  this  and  using  tha  astiaatas  for  ifcU  and  T^u  we  got  for  a. a.  t 


(3.11)  7  /  |A  u"|2  •  C2  ♦  fl  A  u"  •  diw  (g"(* u")  ♦  t  •  )»")  •  t2  < 

*  n  *  an*  *  *  * 


<  C  *  I  C  (a)  /  I A  u"|2(.,s)C2dxds 
0  0 


with  som  C,  >  0,  C2  «  lVo.TiX)  indapandant  of  M«X>  as  in  (B2)  and  big  enough.  Na  want 

to  estimate  tha  second  integral  on  the  left  hand  sidei  Plx  M  and  0  <  s  <  t  and  write 

g(r)  “  g{J(r)  ♦  L  for  short.  Then  (suppressing  s-dependenca  and  writing  >  for  3  ) 

l  *1 

(3.12)  /  A^u*  •  divx(?(|VxuM|)  •  VxuM)  •  i1  - 


“If  *<*.uM  *  *.<9(1*  uM|)  •  J  uM)  •  C2  ♦ 
i,J  0  3  3  1 


♦  I  /*■{•».{•  *  9(1*  uMi>  •  ».uM  -  a.J.uM;(ifciMi)  .  a4uM>  . 

i.j  o  1  3  3  x  1  1  3  i 
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Now  for  a. a.  x  €  ft 


l  3  3  uM*3  ((g(|VuM|)3,uM)  - 
i.j  4  3  3 

-  «•  I  !»,(/;( |VuMi)‘  a  ta’Si2  ♦  <1  -  x>|(|7uh|)  l  ia  a  tt"iJ  ♦ 

i.j  1  3  i.j  4  3 

♦  (d  -  k)*5'(|vum|).|7umi  -  «  •  .  |7Um|j,.  I  ia  a  ^a  tt1*!2  •  — 

4g( | VuM|)  i.j  13  1  l*»V 

>  0  to  b«  choaan  latar.  Writing  p  “  |VuN|  and  d  “  J  | 3, 3  .u*| 2  for  short#  wa 

1*1  3 

lasts  furthar 

_ _ %  2  2 

...  >  x  •  l  |3.(/g(|7uM|)  a  u*)|2  ♦  ({1  -  x)  •  «  •  g(p)  -  x  •  .  d  , 

i.l  3  4g(p) 


<  ss  in  (3.2).  Choosing  x  small  onough  wo  sso  from  (3.2)  that  this  axpraaslon  is 
boundad  froa  balow  by 

«  •  I  13.  (^(|VuM| )'  a  «"|2  *•  ■§  •  g(p)  •  d  . 
i,j  3  * 

2 

This  tarn,  aultlpllad  with  (  and  lntagratad  owsr  fi,  hanca  giwss  a  lowar  bound  for  tho 

first  intagral  on  tha  right  hand  sida  of  (3.12). 

Wa  astiaata  tha  sacond  intagral,  using  tha  saaa  notation t 

l  I  253  5(3.3  uM  •  g(p)  •  l.u*  -  3.3  uMg(p)  •  3,/) 

i.J  0  4  3  3  4  43  3 


<  4  •  /  52  •  g(p)  •  d  ♦  c(4)  •  /  g(p)  •  p2  * 


M,2 


6  as  in  (3.2).  But  tha  sacond  intagral  can  ba  astinatad  by  /  <s  (7  u")  and  /  |7^u  I 

fl  * 

(laaaw  3.6),  and  this  tarn  is  boundad  by  tha  astiaata  (3.4)  uniformly  in  t  and  N.  Hanca 
from  (3.11)  wa  gat 
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(3.13) 


i  I  U,«V  •  ca  ♦  *  •  u  l  |a  </g|J(|VuM|>  +  L  a  uM) | 2 

a  ooi,j  1  "  3 

<  c  ♦  /  C  (»)  /  | A  uV,o>|2  •  C2<U  . 

'  o  *  a  x 

and  Gronwall'a  hmmm  implimm 


•f  .  - . —  | 

(3.14)  oup  /  |A  uV  •  €2  ♦  /  /  l  |3.(/g"(|*u',|>  ♦  L  ».u")|2  •  C2  <  K  . 

(0,T]  a  oai,j  1  5  3 

K  not  depending  on  M« 

»top  3 i  Wo  extract  •  oubeequence  of  tho  («N>N>1  (not  relabelled)  ouch  that 

(i)  «**  ♦  u  otrongly  In  L2(0,TtL2(a))  , 

2  2 

otrongly  in  I.  (0,T|L  (D),  and  a.e.  on  f  *  [0,T]  t 
(li)  a^"  ♦  afcu  weakly  in  t^O.TiW1' 2(8)>  | 

(iii)  V^u*  ♦  Vu  otrongly  in  each  ta(e,T»X.2(a* ) ),  8' CC  8  . 

Aleo,  the  eotinate  (3.4)  together  with  the  proportion  of  8  and  g„  (cf .  Loom  5.4 )  ahowo 
that  •"(u")  and  g*(  lvx“*'l )  •  Ijf*  ore  equi-integrable  families  and  hence  weakly 
precoapact  in  L1(0,T|I>1(D)  reap,  in  X.,(0,T|I,t(B)).  Hence  we  can  choone  the  oubeequence 
ouch  that 

(1»)  «"(«")  ♦  »1  weakly  in  i’lOiTii^lDI  I 

(w>  »o<|Vx“"l,7xu,<  *  C  weakly  in  L,(0,T»t1(B))  . 

The  continuity  of  0  and  gQ  togethor  with  (i)  and  (iii)  then  ehow  that 

i)  -  0(u)  a.e.  on  r«  (0,T) 

C  “  g0(|Vu|)  •  Vu  a.e.  on  B  x  [0,TJ  , 

and  noreower  (3.14)  otill  holds  for  the  liait  function  u.  Hence  u-  oolveo  (I).  and  V2u 

x 

and  a  •  div(g0(|Vu|)  •  Vu)  are  in  MO.TH^iai)  reap,  in  t'o.TjL^JB) ) .  Theorem 
3.1  io  proved. 


Hairti 


3.2.  Sinca  no  differentiability  propartiaa  of  uQ  on  3Q\T  are  aver  used,  one  can  weaken 
( B 1 >  to  the  following  hypothesis i 

Thera  exist  (n  -  1 ) -dimensional  Lipscl lts-manifolds  r,rQ,  such  that  r  C  ^  C  ^  C  30, 
and  0  is  locally  on  one  side  of 

Since  Ug  determines  the  behavior  of  solutions  only  on  3Q\ T,  <B4)  then  is  only  a 
condition  for  Ug  on  <rQ\D  *  [0,TJ  (by  suitable  extension  arguments.).  Also,  no 
additional  problems  arise  if  one  replaces  3(u(x))  by  6(u(a))  ♦  h(x,t),  h  i  T  *  [0,T]  ♦  K 
in  a  suitable  Sobolev  class. 

3.3.  It  is  possible  to  take  8  “  8Q  ♦  81  as  a  boundary  nonlinearity,  8Q  as  in  (B3) , 

8 1  being  maximal  monotone  and  sublinear,  at  the  arenas  of  assuming  more  regularity 

properties  for  “0<*tuo  €  ^(O.Tit^D)).  Also,  if  G<5>  >  C  •  KIP-  C,  C  >  0,  p  >  n, 
then  8  need  only  be  continuous  and  8'(r)  >  -tj,  since  then  the  approximating  solutions 
will  converge  uniformly  on  r  «  [0,t|. 

3.4.  It  should  be  possible  to  extend  the  class  of  functions  g  i  tf*  *  It*  to  "anisotropic" 
on ns  (the  Jacobians  Dg  having  isotropic  spectral  radii,  however),  satisfying,  e.g. i 
There  exist  c,K^ ,K^  >  0  and  u.»W  t  (0,»)  ♦  K  such  that  for  all  C,p  €  tP 

(M,(lp|)  -  K,)  •  I5I2  <  ST  •  Dg(p)  •  C  <  (u*( Ipl )  ♦  A,)  •  ICI2  , 

M.(lpl)  •  Ipl 2  >  *  •  (g(p)  •  p)  -  K,  , 

M*( Ipl )  <  K,  •  M.(lpl)  ♦  Kj  I 

lg(p)  •  pl  <  Kj  •  G(p)  +  Kj  •  ( l*-| 2  -*■  1),  where  again  VpG(p)  -  g(p)  . 

What  kept  us  from  including  these  assumptions  were  the  technical  problems  that  arise  when 
one  tries  to  approximate  g  by  suitable  functions  g**. 
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4.  The  Dlrlchlet  Problem 

In  this  section  we  want  to  show  how  to  Improve  our  results  in  the  case  of  Dirichlet 
boundary  data  u| 3  const,  by  a  Modification  of  the  method  in  Section  3.  Tne  principal 
tool  is  the 

Lews  4. It  Let  OCR11  be  bounded,  3Q  of  class  C2.  Let  g  i  (0,«)  ♦  R  be  locally 

Lipschits  continuous,  and  let  u  €  C2(Q,R),  u|  S  0.  Then 

(4.1)  /  A  u  •  div  (g(|9  u|)V  u)  -  J  /  3  3  u3  (g(  |  V  u| ) 3  u)  ♦ 

g  *  *  *  *  Q  *  J  J  * 

♦  /  9(3u“)  *  |9uu| 2  •  (n  -  1)  •  H  , 

30  W 

where  V  is  the  outward  normal  on  30  and  H  the  mean  curvature  with  respect  to  v. 

Proof t  An  integration  by  parts  gives 

/  A  u  •  div  (g<|9  u| )?  ui  l  I  3.  3.u  *  3.(9(  I V  u| )  j  u)  ♦ 
x  xx  j  ‘  3  3 

♦  /  (A  u  •  3  u  -  l  3  3.u  •  3  u  •  v )  •  g(|V u|)  . 

,0  *  i,j  1  3  3  1  * 

Since  V^u  -  3vu  •  v  on  30,  the  boundary  term  can  be  written  as 

/  (A  u  -  vT  •  V2u  •  v)  •  g<  1 3  u| )  •  3  u  . 

.-X  X  V  V 


Consider  a  point  x  €  8Q.  After  a  suitable  translation  and  rotation  we  can  assume 

that  x  »  0  and  locally  about  0  30  ■  {(x,x  ) I x  «  4(x)},  0  ■  {(x,x  )|x  <  f(x)), 

n  n  -  n  n 

♦  t  0  ♦  ■  a  C2-functlon',  o  some  neighborhood  of  0  €  and  V_f(0)  •  0.  Then  in 

l  * 

these  local  coordinates  i 

1  A  u(0)  -  32u(0)  -  A  4(0)  •  3  u(0)  , 

\  x  n  *  n 


v(0)T  •  92u(0)  •  v<0)  »  32u(0)  . 

n 

But  3nu(0)  ■  3^u(x)  according  to  our  choice  of  coordinate  system,  and 


-Ax4<0)  -  (n  -  1)  •  H(x), 


since  V_4(0)  *  0.  Hence 

/  (A  u  -  vT  •  V2u  •  v)  •  g(  1 3  u| )  •  3  u  -  /  (n  -  1)  •  H  •  g(  |  3  u| )  |  3  u|  2  . 
30  *  x  v  30  v  v 
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This  Lemma  is  a  step  towards  a  simple  non-linear  version  of  Sobolevskii-type  estimates 
for  linear  second-order  elliptic  operators  as  stated,  e.g.,  in  [3] .  He  thank  Prof.  K. 
Friedman  for  pointing  this  out  to  us. 

Obviously  the  identity  of  (4.1)  still  holds  under  the  assumptions 
u  e  W2'2(fl)  n  Wg'2(fl),  g  locally  Lipschitz  and  bounded,  r  g*(r)  •  r  bounded,  by  a 
standard  approximation  argument . 

It  is  now  possible  to  use  (4.1)  to  modify  the  arguments  of  Section  3,  if  in  (1.1)  T 

is  empty  and  u|3Qj((0>t)  3  0. 

In  step  2  of  the  proof  of  Theorem  3.1,  the  expression 

/  A  uM  •  div(g(| VuM| )VuM)  .  C2 
0  *  xx 

had  to  be  estimated  from  below,  £  «  w^'"(Q)  in  order  to  take  cere  of  boundary  terms.  If 
2  M 

JO  is  C  -smooth  and  u  Ijq  s  we  simply  choose  (21  and  get  by  1.  imi  4.1  and 
manipulations  similar  to  those  in  step  2 


-  C  •  /  g<  |V  uM| )  •  |V  uM|2  ♦  /  9(I»uuM|)  •  |3  uM|2  •  (n  -  1)  •  H  , 
0  x  *  JO  V  V 


x  >  0  a  small  constant.  By  a  standard  trace  theorem  this  can  be  estimated  from  below  by 


\  I  l  l»1(/g(|VuM|)  J  uM)  |  2  -  C  •  /  g(  |VuM|>|V«**I  2 
0  i,J  3  0 

(see  Immma  5. 1),  C  >  0,  and  /  g(|VuN|)  •  I  VuM |  2  is  a  priori  bounded  by  (3.4)  and  Lemsui 

0 

5.6.  Hence  in  this  special  situation  the  solutions  found  in  Theorem  3.1  fulfill 

T 

(4-2)  /  /  |Vl'g0(|Vu|>  +  L*  V  u)  | 2  +  sup  /  |72u|2(.,t)  <  -  . 

o  a  X  (0,TJ  0  X 

However,  one  can  also  use  Lemma  4.1  to  show  the  existence  of  solutions  of  (I)  for  ax>re 
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general  nonlinearities  gQ,  If  the  aean  curvature  of  3Q  is  non-negative.  A  possible 
class  is  described  in  the  hypothesis 

(B5)  The  function  g  i  8°  ♦  rf1  is  given  by  g(5)  ■  gQ(K|)  •  C# 

g0  i  (0,*»)  ♦  It  being  locally  Lipsehits-continuous  on  (0,»).  There  exists 
a  constant  L  >  0  such  that 

(4.3)  ((g0(r)  +  L)  •  r)  >  0  on  (0,»)  . 

For  any  c  >  0  there  exists  C(  >  0  such  that  for  all  r  >  0 

r 

(4.4)  |  gg  ( r )  •  r|  <  C  •  /  (g„(s)  ♦  L)  •  sda  ♦  Ct  . 

0 

Ne  then  get  the 

Theorem  4.2i  Let  0  C  It"  be  bounded,  3Q  C2-s*o«th,  with  non-negative  aean  curvature 
H  (with  respect  to  the  outer  noraal).  Let  (BS),  (A3),  (A4)  and  (AS)  hold  with 
Ug  e  Wg'2(0)  not  depending  on  t.  Then  the  equation  (X)  with  boundary  conditions 

«•*>  U|30*(0.T)  *  ° 

has  a  distributional  solution  u  satisfying  (3.4)  and 

(4.6)  sup  /  |vfu|2(»,t)  <  •  . 

10, T]  fl 

Sketch  of  the  proof > 

As  in  the  proof  of  Theorea  3.1,  we  define  for  N  >  0 

gg(r)  -  inf (gQ(r ),M),  g"(5)  -  g^tlCI)  •  C  . 

Then  gg  still  satifies  (BS).  we  solve  (X)  with  g  replaced  by  gN  and  get  unique 
distributional  solutions  u*  that  satisfy  (3.14).  By  an  argument  similar  to  the  one  used 
above,  uM  «  L  (0,T»w2'2(Q))  for  all  M.  Still  following  the  lines  of  the  proof  of 
Theorea  3.1,  we  apply  the  resolvent  kernel  of  a  to  the  equation  (I)  to  get  (3.9), 
differentiate  formally  (take  difference  quotients),  and  multiply  with  -A^u*  which  is  an 
admissible  test  function.  This  gives  the  identity  (3.10)  and  -  after  rearranging  terms  - 
(3.11)  with  (II.  We  then  apply  Lemma  4.1  and  conclude  that 

/  AuMdiv((g"(|VuM)  +  L)  •  VuK)  >  0  , 
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This  Lemma  is  a  step  towards  a  simple  non-linear  version  of  Sobolevskii-type  estimates 
for  linear  second-order  elliptic  operators  as  stated,  e.g.,  in  [3].  He  thank  Prof.  A. 
Friedman  for  pointing  this  out  to  us. 

Obviously  the  identity  of  (4.1)  still  holds  under  the  assumptions 
u  €  W2,2(0)  h  Wg'2<0),  g  locally  Lipschitz  and  bounded,  r  **  g'(r)  •  r  bounded,  by  a 
standard  approximation  argument. 

It  is  now  possible  to  use  (4.1)  to  modify  the  arguments  of  Section  3,  if  in  (1.1)  T 

is  empty  and  «laflxI0#T]  =  0. 

In  step  2  of  the  proof  of  Theorem  3.1,  the  expression 

/  A  uM  •  div(g(|V  uM|)V  uM)  •  £2 
0 

had  to  be  estimated  from  below,  £  €  '  (0)  in  order  to  take  care  of  boundary  terirr  If 

2  M 

30  is  C  -smooth  and  u  =  0,  we  simply  choose  £  =  1  and  get  by  Leuoa  4.1  and 

manipulations  similar  to  those  in  step  2 

/  A  uM  •  div(g(  |V  uM|  )V  uM)  >  *  •  /  \  |  3.  (/g(  |  7  uM|  )'  !  uV 

a  xx  a  i,j  3 

-  C  •  /  g(|V  uM|)  •  |V  UM|2  +  /  g(|3  UM|)  •  |3  UM|2  •  (n  -  1)  •  H  , 

n  x  30  v  v 

x  >  0  a  small  constant.  By  a  standard  trace  theorem  this  can  be  estimated  from  below  by 

\  /  l  |3.(4<I?uM|)‘  3  uM)  I  2  -  C  •  /  g(|VuM|)|VuV 

Hi,)  3  a 

(see  Lemma  5.1),  C  >  0,  and  /  g(|VuM|)  •  |VuM|2  is  a  priori  bounded  by  (3.4)  and  Lemma 

0 

5.6.  Hence  in  this  special  situation  the  solutions  found  in  Theorem  3.1  fulfill 

T 

<4.2>  /  /  |V  </gn<|V  u|)  +  L*  lull2  +  sup  /  |  V2u|  2(  •  ,t)  <  -  . 

OH  x  [0,T]  0 

However,  one  can  also  use  Lemma  4.1  to  show  the  existence  of  solutions  of  (I)  for  more 
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general  nonlinear ities  g^,  if  the  aaan  curvature  of  JQ  la  non-negative.  A  possible 
class  is  described  in  the  hypothesis 

(BS)  The  function  g  «  n"  is  given  by  g(£)  ■  gQ ( I  £  I )  •  £, 

gQ  i  [0,“)  ♦  X  being  locally  Lipschits-continuoua  on  (0.**).  There  exists 
a  constant  b  >  0  such  that 

(4.3)  < ( gQ ( r )  ♦  b)  •  r)  >  0  on  (0,»>  . 

For  any  c  >  0  there  exists  C(  >  0  such  that  for  all  r  >  0 


|g0(r)  •  r|  4  c  •  /  (g0(s)  ♦  L)  •  sds  ♦  Ct 
0 


We  than  get  the 

Theorea  4.2i  bet  OCR"  be  bounded,  )Q  C2-saooth,  with  non-negative  aaan  curvature 
H  (with  respect  to  the  outer  noraal).  bat  (BS),  (A3),  (A4)  and  (A5>  hold  with 
Uq  «  w’,2(Q)  not  depending  on  t.  Then  the  equation  (X)  with  boundary  conditions 

<4•5,  "’aaxio,*:  *  0 

has  a  distributional  solution  u  satisfying  (3.4)  and 
(4.6)  sup  /  |V2u|2(*,t) 

[o,t]  a 

Sketch  of  the  proof » 

As  in  the  proof  of  Theorea  3.1,  we  define  for  M  >  0 

g<J(r)  -  inf (g0(r),M),  gM(£)  “  g*(l£l>  •  £  . 

Then  g|J  still  satifies  (BS).  We  solve  (Z)  with  g  replaced  by  g*V  and  get  unique 
distributional  solutions  uN  that  satisfy  (3.14).  By  an  arguaent  sioilar  to  the  one  used 
above,  uN  €  b  ( 0,T;W2' 2;0) )  for  all  N.  Still  following  the  lines  of  the  proof  of 
Theorea  3.1,  we  apply  the  resolvent  kernel  of  a  to  the  equation  (I)  to  get  (3.?), 
differentiate  formally  (take  difference  quotients),  and  aultiply  with  which  is  an 

admissible  test  function.  This  gives  the  identity  (3.10)  and  -  after  rearranging  teras  - 


(3.11)  with  £  5  1.  we  then  apply 


4.1  and  conclude  that 


/  AjtuMdiv({g*(|V(uM)  +  b)  •  'V^u* )  >  0  , 


using  (4.3)  and  H  >  0.  Hanca 
(4.7) 


•» 


aup  /  | A  uM|2  <  K  <  • 

(0,1]  Q 

for  all  M,  thus  tha  uN  ara  uniformly  boundad  in  l"(  0,T»W2'  2(Q) ) . 

Na  now  axtract  a  subsequence  of  tha  (uM)M)1  such  that 

(i)  uM  ♦  u  strongly  in  L2(0,Tstf  1,2(Q)),  V^u*  ♦  T^u  a. a.  in  0  x  10.T]  , 

(ii)  ^  •••kly  in  L^O.TjL^fl))  , 

(iii)  3^"  ♦  3fcu  weakly  in  t2(0,Tj»1,2(fl))  . 

Tha  choica  (i)  is  possibla,  sines  tha  bounds  (3.4)  and  (4.7)  hold  uniformly  in  Mr 
proparti as  of  g*  (ef.  Lamms  5.4)  and  tha  aatimata  (3.14)  show  that  tha  g"(l^iN|)VuN  ara 
equi-integrable  and  hanca  waakly  pracompact  in  i,1(0,T»L1(0) ),  hanca  (ii)  is  possibla. 

Tha  continuity  of  g0  than  shows  that 

5  “  Tq<I*x»»I)  *  Vxu  0  "  (0,T)  , 

and  (4.7)  still  holds  for  tha  limit  function.  This  provas  Thaoram  4.2. 

Ramarki  Tha  condition  of  "non-negative  naan  curvatura  of  tha  boundary*  that  was  usad  in 
Thaoram  4.2  rsaiinda  of  tha  ganaral  curvatura  conditions  that  guarantaa  classical 
solvability  of  quasilinaar  aquations  (cf.  [22]).  Tha  "stationary*  solutions  of  (I)  ara  of 

this  typa,  and  it  would  ba  interesting  to  link  thasa  boundary  conditions  and  propartias  of 

tha  karnal  a  to  show  tha  convarganca  of  solutions  as  t  *  «*. 

To  concluda,  wa  would  lika  to  conmant  on  soma  ralatad  quastions  concerning  tha  problam 
(I)  or  its  variants. 

Kxlstanca  of  claaalcal  solutions i 

■y  moans  of  contraction  typa  argunants,  ona  easily  shows  tha  axlstanca  of  classical 
(C2-)  solutions  for  (1)  and  smooth  data  that  axist  locally  in  tina,  and  thaaa  solutions 
will  ba  uniqua.  Our  a  priori  astimatas  only  permit  to  continue  them  in  tha  case  of  one 
space  dimansion,  however,  since  than  *xu  will  ba  HSlder-continuous  (by  tha  estimates  of 
Section  3  or  4),  and  ona  can  apply  tha  regularity  theory  for  linear  parabolic  aquations. 
Hots  that  in  ona  space  dimension  tha  introduction  of  the  cut-off  function  S  (in  Section 
3)  is  not  necessary. 


■X  x  .  1  ?.  \ 


This  will  follow  if  one  ca  ?  show  that  the  spatial  gradients  of  solutions  are  s  priori 

N 

bounded  on  Q  *  [0,T]  (and  thus  the  unique  approximating  colutions  u  in  Sections  3  and 
4,  obtained  by  modifying  g  and  3  for  large  arguments,  become  M- Independent  for  large 
M).  However,  our  estimates  only  guarantee  (in  the  setting  of  Section  4)  that 

?xu  e  l"(o,t<i,p(Q>) 

with  p  <  •  for  n  -  2  and  p  ■  -  for  n  >  2.  The  uiual  ‘bootstrapping*  techniques 

(which  would  amount  to  regarding  the  integral  term  as  a  perturbation  of  a  linear  equation) 
will  not  work  due  to  the  high  order  (of  growth  and  differentiation)  of  the  integral  term. 
The  case  of  gtu.V^u): 

If  the  integral  term  a  •  div^gfV^u)  is  replaced  by,  a.g>,  a  •  div^fgtu)  •  V^u), 

then  existence  arguments  become  in  fact  simpler}  since  for  approximating  solutions  u  one 

only  has  to  guarantee  the  strong  convergence  of,  e.g. ,  uM  in  some  I P,  but  not  of 
M  N 

V^u  .  Hence  a  priori  estimates  of  V^u  are  sufficient  to  do  this}  they  can  be  obtained 

U 

(under  suitable  additional  assumptions)  by  taking  g(u‘)  as  a  test  function  in  (I)  and 
using  some  definiteness  properties  of  the  fora 

R 

v  ♦  /  a  *  v(t)  •  v(t)dt  for  v  e  L2(0,T}Rn)  . 

0 

The  more  general  case  a  *  div^lgtu, V^u) )  seems  to  be  more  difficult. 
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Li—i  5.3i  Lat  0  i  tP  ♦  ■  bo  diffarantiablo,  Xat  t  >  0,  lat 

0(C)  “  G(C)  ♦  ( ICI 2  ♦  1)  ba  poaitlra,  and  lat  9  *  V^G  aatlafy  any  of  tha  following 

hypothaaaai 

(1)  Thar#  axlata  c  >  0  such  that  for  all  C«n 

19(C)  •  nl  <  C  •  (0(C)  ♦  Gin)  ♦  1)  . 

(il)  Tha  function  9  la  9lran  by  9(C)  -  9Q(ICI)  *  C>  9q  la  locally  Lipschita 
continuous,  and  thara  axlata  a  constant  C  >  0  such  that  for  all  r  >  0 

90(r)  ♦  L  >  0  , 

0  <  to  ♦  W  •  r)  <  C  •  (9g(r)  ♦  t)  . 

Than  for  all  6  >  0  thara  axlata  C(<)  >  0  such  that  for  all  C  «  rf* 

19(C)  I  <  «  •  0(0  ♦  CIO  . 

Condition  (11)  iapllaa  condition  (1). 

Proof »  In  caa#  (1),  lat  C(«)  -  aax  Gin).  Than  for  any  C 

«*|n|<l 

1 9(C) I  -  «*»ax  (9(C)  •  nl  <  «  •  C,  •  0(C)  ♦  #  •  C,  •  (C(«)  ■!■  1)  . 

«*lnl<l  1  1 

In  caaa  (11),  put  5(r)  -  9„(r)  ♦  L.  Than  for  n.C  €  1^*  and  r„  -  nax(|nl,|C|} 

19(C)  •  nl  <  9(ICI)  •  ICI  •  Inl  ♦  l  •  Id  •  I 

*  9<'q>  •  r 2  ♦  1  •  ICI  •  Inl 

,r°  _  ro_ 

-  /  (9(*)  •  a)*  •  ada  ♦  /  9(a)  •  ads  ♦  L  •  | Cl  •  Inl 

0  0 

r0 

<  (C  *  1)  f  9(a)  •  ada  ♦  X.  •  ICI  Inl 
0 

r0 

‘CMCjHI.J  9(a)  •  ada  ♦  4  I  ICI  2  ♦  Inl  2) 

0  2 


*  c  •  (Old  ♦  G(n)  ♦  t) 

and  wo  ara  back  in  caaa  (1). 


I 


t»n  3.4i  Lat  Q  b«  a  finit«  naasura  apaca,  M  C  iJlQ.B*  a  boundad  aet  and 
M  C  L*(Q,Kn).  For  all  u  €  N  and  t  >  0  lat  thara  axlat  v  €  M  and  C(  >  0  auch  that 
Cor  a.a<  x  «  Q 


I  u( x)  |  <  t  •  | V( X) |  ♦  C  . 


Than  N  la  aqui-intagrabla  (and  hanca  waakly  aaquantlally  coo parr  in  l'jQ,*1') ),  l.a. 

11a  /  | u |  -  0  uniformly  in  u  €  M. 

It*-  (|u|>k) 


Proof i 


C  '  N 

/  |u!  <  /  ( e | v |  ♦  CJ  <  c  •  M  ♦  - — - 

<|u|>k>  {|u|>k}  C  * 


whara 


M  -  aup  /  M,  M.  -  aup  /  |  u |  <  M  *  C»  f  1  . 
v«M  0  ueM  Q  ’  Q 

_*•!«  Lat  (w")^  ba  a  aaquanca  In  l“{ tO,T]  x  Q,*n),  auch  that  (In  tha  notation 
of  8 action  2) 

9<w*)  ♦  C  waakly  in  l’uo.T)  x  a,l") 


and 


for  all  a. 


aaa  aup  /  (G(w*)  ♦  L  •  Jw*|2)(«,t)  «  K  <  • 
[0,T]  Q 


|  Lat  w  «  L’dO.Tj  x  aaa  aup  /  (S(w>  ♦  L|y|2)(»,t)  <  Than 

!  (o.Tj  a 

I  9(w")  •*(•)*/('•  y( •)  waakly  in  l’o^TiK)  . 

Q  a 
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Proof!  For  M  >  0,  define  vM  “  inf {M,aup{-M, v}}.  Lot  ♦  «  L  (0,TiR),  than 
T  T 

(5.2)  /  #{t)  ♦  /  (g(w  )  •  v)(»,t)dt  -  /  ♦€ •  /  g(w  )  •  (v  -  v  )(*,t)dt 

0  Q  0  a 

♦  /  4(t)  •  /  g(w")  •  (v  )(«,t)dt  . 

0  0 

The  first  tan  can  ba  estimated  by 


(5.1) 


r  *  •  c  •  /  /  (G(w">  ♦  G(R(v  -  *„)>  ♦  1) 

*  l  o  a 


by  (2.1),  C(p)  -  G(p)  *  ^  Ipl2  ♦  1,  for  any  *  >  1,  ainca  (2.1)  alao  lapliea 

G( K  •  p)  <  (C  ♦  G(p) )  •  aK*C  . 

Banco  tha  axpraaaion  (5.3)  ia  bounded  by 


T 

•  C  •  /  /  <C(R  •  (V  -  V,,))  ♦  1)  . 

"  o  a 


Since  /  /  G(R  •  (T  -  **•))  ♦  T  •  /  G(0),  aa  II  ♦  •»  for  any  R,  we  thua  derive  froa 
0  0  0 
(5.2)  and  tha  convergence  of  tha  aecond  tan  in  (5.2) 


*  ,  _  i  « 

li>  aup  1/  0(t)  •  J  (g(w )  •  a  -  C  •  v^Jdtl  *  r  *  c 

■*«  o  a 


for  any  R  and  M,  which  shows  tha  claia. 

r 

fa  5.6t  Lat  g„  i  [0,«)  ♦  R  ba  aa  in  (B2),  GQ(r)  “  /  gQ(s)  •  ada,  L,  as  in  (B2). 

0 

Than  for  ail  *  >  0  thora  exists  sosw  c(c)  >  0  such  that  for  all  r,a  >  0 
|gg(r)  ♦  r  •  a|  <  *  •  (G„(s)  *  L^e2)  ♦  C(c)(Gg(r)  ♦  •  r2)  . 

Prooft  First  note  that  r  **  (gg(r)  ♦  L,)  •  r  is  sonotone  and  (without  loss  of  generality) 
positive  for  r  >  0.  Further  for  r2  >  r,  >  0 
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